The adaptive modification of the mechanical properties of structures has been described as a key to a number of new or enhanced technologies, ranging from prosthetics to aerospace applications.
INTRODUCTION
In previous work, 2-5 the effect of the application of electrostatic fields between layers of a multi-layer structure has been reported. There, it was shown experimentally that the stiffness (hence the eigenfrequencies) of a simple cantilever beam could be modified by introducing normal interface stresses between the layers of the beam, by means of electrostatic attraction forces. The qualitative explanation of this effect is that thank to the presence of normal stresses at the interface, shear stresses could be transferred from one layer to the next in form of friction and adhesion. Quantitative understanding of the phenomena taking place at the interface is necessary to model the behavior of such a tunable stiffness system and to properly select or optimize the materials used to obtain the desired properties.
In this contribution, a simple numerical model is used to describe the behavior of a system with electrostatically tunable bending stiffness. For the linear portion of the behavior of the system, the numerical model is compared to simple analytical calculations, describing the shear and tensile stress distribuitions.
The model captures the essence of the behavior of tunable stiffness multi-layer structures and can find a practical application in the estimation of the behavior of such systems for engineering purposes.
ELECTROSTATICALLY TUNABLE MECHANICAL META-MATERIAL

Working Principle
The development of meta-materials with electrostatically tunable bending stiffness is based on the observation that the topology of a cross-section of a structure has a remarkable effect on some of its mechanical properties. Work by other groups 6 has related the modification of the mechanical properties of multi-layer structures under the effect of electrostatic fields to dissipative effects such as friction. In the following electrostatic coupling will be shown to have effects that surpass simple dissipative effects.
The tensile stiffness E · A (where E is the elastic modulus and A is the cross-sectional area) is not sensitive to the topology of the cross section. Instead, the bending stiffness E · I (where I is the second moment of area of the crosssection) of a structure such as a cantilever beam is very sensitive to this parameter. Simple calculations show that the introduction of interfaces in a structure (i.e. the modification of its topology) such as the cantilever beam shown in Figure  1 , has a remarkable effect on the shear stress σ xy (1) distribution due to a transversal load. The longitudinal stress σ xx (2) is also affected:
Where F is the transversal load at the considered cross-section, h is the height, I = b · h 3 /12 is the second moment of area of the cross-section and y i is the distance from the neutral axis of the beam in y-direction.
Where M b is the bending moment at the considered cross-section. Since all layers of the beam are subject to the same deformation:
the external loads in each layer are distributed proportionally to the thickness of the layers.
The above considerations show that if it were possible to create and remove interfaces between layers at will, it would be possible to modify the mechanical properties of a structure. The minimum amount of energy required to create a new interface is given by the surface energy of the material the structure is made of. Typically this amounts to the order of 10 −6 Jm −2 , apparently a very small value. The process of removing an interface is generally exothermic, so that the energy could be regained. In reality, the energy needed to create or remove an interface is larger, because the creation or removal of interfaces is generally obtained by way of some macroscopic process. Typically, the layers would have to be glued, welded or otherwise joined to remove and interface and a mechanical process would be needed to create it.
Previous work
2-5 has shown that the behavior of tunable mechanical meta-materials can be influenced by the interaction between layers at the inner interfaces, even without removing or introducing surfaces in the system. The development of the electrostatically tunable multi-layer structures is based on the assumption that while the topology of the system cannot be modified, it is possible to modify its 'mechanical topology'. Specifically, the modulation of the transfer of shear stresses from one layer to the next regulates the bending stiffness of the system. Shear stresses are transferred by means of adhesion and friction forces induced by the presence of normal stresses σ yy and a finite friction coefficient µ at the interfaces between layers, as shown in figure 2 . The magnitude of the interfacial normal stresses determines the load level at which interfacial slipping (comparable to delamination) takes place. While the shear stress σ xy at the interface does not exceed the the value σ yy · µ, the system behaves as a topologically connected structure.
Model
A numerical model was created using Femlab's COMSOL 3.3 Software to simulate the effect of normal stresses at the interfaces between layers of a multi-layer structure. A friction coefficient µ was assigned to the interface pairs. Figure 2 shows the main characteristics of the model. In the experimental work, the interfacial stress σ el,yy is generally generated by applying an electrostatic field across a dielectric layer that was previously applied to the interfaces.
The electrostatic stress that can be generated by applying a potential U between two electrodes is given by:
Where 0 is the permittivity of vacuum, r is the dielectric constant of the dielectric layer, U is the applied potential, and δ is the thickness of the dielectric layer.
In the presented model, the normal stress was defined directly as a boundary condition at the interfaces. The chosen value of σ yy =3 MPa corresponds to the electrostatic stress between the two electrodes for a potential of 53V across a 200nm thick dielectric with a value of r =10. The field E = U/d=265MV/m is below the typical breakdown potential (of the order of 300MV/m ÷ 500MV/m) for commonly used ceramic dielectrics.
The system has 3 pairs of contact surfaces. Each of the pairs can be activated (σ yy = 3 · 10 6 Pa) or inactivated (σ yy =0Pa). The configurations of active and inactive interfaces considered in this work are summarized in table 1, where a '0' in the left hand column means that the interface is not activated (i.e. no stress is applied to it) and a '1' means that it is. In the second column, the thickness of each bundle is given, expressed in number of layers. In the third column the height of each bundle (expressed in multiples of the thickness of a layer) is given. The patterns in the left column of table 1 corresponds, top to bottom to the layer configurations shown in figure 1. The contact forces were modelled based on a penalty barrier approach: Where σ yy,contact is the calculated contact pressure, g is the distance between the two surfaces, and T n and p n are, respectively, the initial contact pressure and the barrier parameter with following values:
The resulting contact stress was used to calculate the friction stresses. No cohesion was assumed for this model.
To maintain computing time and memory usage within manageable levels, the mesh was only refined around locations (0.01m, 0.02m...0.07m from the origin of the x axis) at which the shear stress distribution would be sampled. For the '111' beam (i.e. with fully connected layers), the reaction of the system was calculated for loads increasing from q = 1N/m to q = 1600N/m in 16 increments, in order to investigate the slip behavior at the interface between layers. Finally the behavior of the system under cyclic loading was investigated for different values of σ yy . The variable 'para' in table 2 is the parameter that is incremented in the parametric solution of the problem. The use of a parametric solver was necessary to account for possible relative motion between the surfaces of the layers. The variable para was varied between 0.01 and 16 in the simulations used to compare the behavior of systems with different activation patterns.
RESULTS AND DISCUSSION
To show the effect of interface activation (i.e. coupling of the layers) in a multi-layer beam, the deflection v(l) of the beam, the shear stress σ xy (x, y) and longitudinal stress σ xx (x, y) distributions were calculated as a function of the parameterized load q for different interface activation patterns. The results from the numerical calculations were compared with the results from simple linear analytical calculations for Bernoulli beams with thickness t (corresponding to the situation where no stress is applied at the interfaces), 2t (where the layers are coupled pairwise) and 4t (where all layers are coupled). This shows how beams in which the shear stresses are transferred by means of friction compare with continuous beams of the equivalent thickness. Ideally, a bundle of coupled layers behaves like a solid beam of the same thickness. As shown in figure 3 , the coupling of layers has marked effect on the force vs. displacement behavior of the system. As expected, increasing the number of coupled layers increases the stiffness of the system. In the linear portion of the diagram, the slope of the curves is proportional to the second moment of area of a solid beam with thickness n · l. The agreement between analytical and numerical calculations is very good, within the linear domain. At high load levels, the deviation between the results from the linear model and the numerical model increases more than proportionally with increasing load. The following investigation of the stress distributions in the system shows the cause of the non-linear behavior.
Figures 4 to 6 show the shear and longitudinal stress distributions in the system with three different coupling patterns in the linear domain. The parabolic shear stress distributions σ xy (x, y) (left) correspond to the distributions that would be expected for solid beams of the corresponding thicknesses. Also the linear longitudinal stress distributions σ xx (x, y) calculated numerically agree with the linear calculations. For the load at which the shown distributions were calculated (q = 100N/m), an excellent agreement of the two models is found.
The shear stress distribution obtained from the numerical model for a load value in the non-linear domain does not correspond to the distributions obtained from the linear calculation, as shown in figure 7. The figure shows that for x = 0.01m, where the stresses are higher than towards the free end of the beam, the stress at the central interface of the system does not reach the value predicted by the linear model. figure) . The value of σ yy does not have an influence on σ xy . As the load q increases, σ xy reaches the critical value µ · σ yy near the fixed side of the system with the lowest interfacial normal stresses. The shear stress distribution seems 'pinned' at the interfaces. The stress can increase between the interfaces but is limited to µ · σ yy at the interfaces. As the load is increased to q = 1000N/m (right column of graphs in the figure) , the areas where slipping takes place grow. This process is considered the cause for the softening of the system at high loads. As a consequence of this situation, cyclic loading is expected to affected by a hysteretic behavior, shown in figure 9.
In previous work, 2 hysteretic behavior was observed in experiments performed on sandwich beams. This was explained as a result of slipping at the interface between the core and the faces of the beam. The numerical calculations, although performed on a different system, confirm the onset of slipping at the interfaces as the origin of the hysteretic behavior, as shown in figure 10 . The hysteresis curves shown in the figure were calculated for different normal interfacial stresses by increasing the parameterized from 0N/m to 1600N/m and then calculating a complete cycle from 1600N/m to −1600N/m and back to 1600N/m. The results shown in the figure indicate that the inclusion of the effect of interfacial slipping in the simulation allows for an explanation of the hysteretic behavior observed experimentally. A direct comparison of the modelled behavior with an experiment is still outstanding due to unsolved experimental difficulties. 
CONCLUSIONS AND OUTLOOK
The presented models appear to describe the behavior of multi-layer tunable meta-materials in an meaningful way. The comparison of the numerical results with the analytically calculated deflections and stress distributions shows a very good agreement as long as the system behaves linearly. Once the shear stresses at the interface exceed the maximum value that can be transferred , the stiffness as well as the overall stress distributions deviate remarkably from the linear model.
The obtained results confirm that the modulation of the shear stress transfer at the interfaces is the critical parameter that controls the modification of the 'mechanical topology', i.e. the ability of the system to behave as if it consisted one or more layers.
The models confirm, that two important functional parameters of the presented system:
• The spectrum over which the bending stiffness can be modified
• The maximum load at which the system behaves approximately in a linear way are controlled separately by two properties of the system. The span over which the bending stiffness can be varied depends on the number of layers the system is divided in. For a given material, the maximum stiffness is always limited by the stiffness of the undivided beam. There is in theory no limit to the minimum stiffness of the system, since the beam can be divided in an arbitrary number of layers. The stiffness of the subdivided beam is proportional to 1/n 3 , where n is the number of layers.
The load q, beyond which the system does not behave in a linear elastic way, is determined by the interfacial normal stresses applied between the layers. For a given load pattern, q ∝ σ yy ∝ U 2 , where σ yy and U are given in (4).
The described numerical model and its use to investigate the behavior of electrostatically tunable multi-layer beams has yielded following information:
• For a number of applications, understanding the relationship between the interfacial stress σ yy and the maximum load q at which the system behaves linearly is useful. This point is especially important where a system with a linear elastic behavior is needed.
• The numerical model allows for the estimation of the behavior of the system in the non-linear domain, where the analytical model does not provide with accurate results.
• The use of a numerical model is a more suitable for the investigation of system with complex geometries.
• The hysteretic behavior observed in previous experiments could be reproduced in the numerical model and its cause explained.
• Understanding the causes of the onset of the interfacial slipping gives information useful for the optimization of the dielectric materials used in the described systems. • The simple models presented can well represent a basis for designing structures that take advantage of the benefits of adaptive bending stiffness.
The results of the present work indicate that the selection or development of appropriate dielectric materials is a central issue to be able to generate the interfacial normal stresses necessary to transfer large shear stresses. The optimization of the friction coefficient is also an important point for the development of high performance meta-materials with electrostatically tunable bending stiffness.
